A promising approach to the quantum/classical interface is described. It is based on a formulation of relativistic classical mechanics in the Cli¤ord algebra of physical space. Spinors and projectors arise naturally and provide powerful tools for solving problems in classical electrodynamics. They also reproduce many quantum results, allowing insight into quantum processes.
II. THE ALGEBRA OF PHYSICAL SPACE (APS)
We commonly represent vectors as column matrices. Fixed orthonormal basis vectors can be written, 
and the general vector is a linear combination of these. However, the vector-space properties are equally well served by a representation of vectors as square matrices, using for example the Pauli spin matrices e 1 = 0 1 1 0 ; e 2 = 0 i i 0 ; e 3 = 1 0 0 1 :
The square-matrix representation suggests that not only can vectors be added and scaled, they can also be multiplied together in an associative product. The vectors together with all their products form a vector algebra. It becomes Cli¤ord's geometric algebra if we constrain the product by one axiom, namely that the product of a vector with itself is its square length:
In particular, e 2 j = 1: Putting v = u + w; we see that uw + wu = 2u w: Thus, the familiar dot product of any two vectors is the symmetric part of the algebraic product. Furthermore, perpendicular vectors anticommute.
It should be emphasized that there are many possible matrix representations for the algebra in addition to the standard one (2). What they all share is their algebra, which is determined by the axiom (3) together with the fact that the vectors and their products add and multiply the way any square matrices of a given size do.
The product of perpendicular vectors is called a bivector and represents the plane containing the vectors. For example, e 1 e 2 = e 2 e 1 is a bivector representing the plane containing e 1 and e 2 : More importantly, it is an operator that rotates vectors in the plane by =2. Thus, if v = v x e 1 + v y e 2 ; then ve 1 e 2 = v x e 2 v y e 1 is v rotated counterclockwise in the plane by a right angle. To rotate in the plane by an angle ; we use v exp (e 1 e 2 ) = v (cos + e 1 e 2 sin ) ; whose Euler-like expansion follows from the relation (e 1 e 2 ) 2 = 1: We say that e 1 e 2 is a unit bivector that generates rotations in the e 1 e 2 plane.
A. Rotations and Duals
More general rotations of a vector v that may have components perpendicular to the plane of rotation are realized by v ! RvR y ; where the rotor R = exp = cos +^ sin is the exponential of a bivector that gives the plane of rotation and whose magnitude equals the area swept out by a unit vector in the plane by the rotation. That area is twice the rotation angle. The dagger (y) on the second R indicates a conjugation called reversion: it reverses the order of all vectors in the term. Reversion is equivalent to Hermitian conjugation for standard representations of APS. Thus for any two vectors u; w; (uw) y = wu: Bivectors change sign under reversion, and therefore rotors are unitary: R y = R 1 : The product e 1 e 2 e 3 is the volume element of physical space and is called the pseudoscalar of APS. It commutes with all elements and squares to (e 1 e 2 e 3 ) 2 = 1: It is a trivector, a multivector of grade 3, whereas bivectors have grade 2, vectors grade 1, and scalars grade 0. We can identify e 1 e 2 e 3 as the unit imaginary: e 1 e 2 e 3 = i : Bivectors are then imaginary vectors (pseudovectors) normal to the plane, e.g. e 1 e 2 = e 1 e 2 e 3 e 3 = ie 3 .This expresses a duality between vectors and bivectors in APS, which we can use to express rotors in terms of the axes of rotation (but only in 3 dimensions): R = exp (e 2 e 1 =2) = exp ( ie 3 =2) :
B. Spinors, Projectors, and Spin-1/2
Rotors give a spinor representation of rotations in a classical context. They are elements of a group called Spin (3) ; which is isomorphic to SU (2) and the universal double covering group of the orthogonal rotation group SO (3):
The rotor R is a reducible rotational spinor. Irreducible spinors are formed by applying R to a projector (a real idempotent)
The irreducible spinor RP 3 contains all the information of R: Note, however, that projectors are not invertible. The existence of noninvertible elements demonstrates that APS is not a division algebra. Projectors and spinors areproven powerful tools, even in classical physics. Elements that can be written in the form xP 3 ; where x is an arbitrary element of APS, are said to lie within a minimal left ideal of APS that we denote (APS)P 3 : Such elements can be speci…ed by two complex numbers. In particular, the rotor for a rotation expressed in Euler angles can be written
and its projected ideal form is
The standard matrix representation is the usual two-component rotational spinor traditionally associated with a spin-1/2 system plus a second column of zeros:
It is readily veri…ed that all elements of the minimal left ideal (APS)P 3 have a vanishing second column in the standard representation.
III. PARAVECTORS AND SPACETIME
Every element of APS is some real linear combination of scalars (grade 0), vectors (grade 1), bivectors (grade 2), and trivectors (grade 3). However, as we saw above, trivectors are pseudoscalars, which are expressed as imaginary scalars, and bivectors are pseudovectors, expressed as imaginary vectors. Thus, every element of APS is a linear combination of a complex scalar and a complex vector. The algebra of real vectors in three dimensions forms a complex linear space of four dimensions. We might have anticipated this possibility from the 2 2 matrix representation of our original vectors. The vector elements of the four-dimensional space are called paravectors to distinguish them from vectors of the original real three-dimensional space. A paravector is the sum of a scalar and a vector, for example p = p 0 + p; where p 0 is the scalar part. To reinforce the four-dimensional property of paravector space, we write p = p e ; where our paravector basis elements are e 0 = 1 and e k = e k ; k = 1; 2; 3; and we adopt the Einstein summation convention of summing over indices that appear once as an upper index and once as a lower one. Note that APS also contains several linear subspaces of interest: the centre of the algebra comprises scalars plus pseudoscalars: the complex numbers. The elements of even grade (scalars plus bivectors, the even subalgebra of APS) are quaternions, and elements of grades 0 and 1 are real paravectors.
It is natural to ask what the four-dimensional space represents. The original three-dimensional space had a Euclidean metric, but what is the metric of paravector space? To …nd out, we look for a scalar expression to represent the square length of a paravector. This is the quadratic form, which for the original vector space was the square of the vector. The square of a paravector, however, is not a scalar. As with complex numbers, we must multiply the paravector by a conjugate to be sure of getting a scalar. The appropriate conjugate is the Cli¤ ord conjugate p = p 0 p because
is always a scalar and can be taken as the quadratic form.
We can use the Cli¤ord conjugate to isolate the scalar-like (S) and vector-like (V) parts of any element p; in just the same way that reversion (y) is used to separate the real (<) and imaginary (=) parts:
One can verify that p p is its own Cli¤ord conjugate. If we let p be the sum of two paravectors, we can determine the scalar product of two paravectors:
The tensor = he e i S =diag(1; 1; 1; 1) is the metric tensor of Minkowski spacetime. Had we chosen the quadratic form to be p p; we would still have arrived at a Minkowski spacetime metric, but one with the opposite signature. In either case, we see that real paravectors can represent vectors in four-dimensional spacetime.
We can now extend rotors to "rotations"in spacetime. The biparavector basis element he e i V generates rotations in the spacetime plane containing the paravectors e and e : Lorentz rotors L = exp (W=2) with W a biparavector induce restricted Lorentz transformations of any spacetime vector p :
The rotor [13] L 2 $pin (3) ' SL (2; C) ' SO " + (1; 3) nZ 2 is an amplitude for the Lorentz transformation. As with spatial rotors R; the Lorentz rotor has unit spacetime length ("is unimodular "): L L = 1: 
Just as we identi…ed multivectors of vector grades 0 to 3, we can identify other elements as multiparavectors of paravector grades 0 to 4. The relation is given in table I.
Note that the spacetime scalars are the same as vector scalars, and that pseudoscalar element in spacetime is i; the same as the vector pseudoscalar. This permits a simple calculation of Hodge-type duals of elements. The other paravector grades have contributions from two neighboring vector grades.
A. Classical Eigenspinors for Relativistic Dynamics
The Lorentz rotor that transforms between the particle rest frame and the lab is useful for describing particle dynamics. With its help, the velocity and orientation of the particle can be calculated and, indeed, any property known in the rest frame can be transformed to the lab. Because of its special status, we give this Lorentz rotor a special designation: it is the eigenspinor of the particle. For an accelerating particle, is a function of the proper time of the particle, representing at each instant the Lorentz rotor from the inertial frame commoving with the particle to the lab. For example, the proper velocity u of the particle in the lab is (in units with c = 1) just the transformed time axis:
The proper velocity is a spacetime vector and can be further transformed by a Lorentz rotor L : u ! LuL y = L e 0 y L y : This is equivalent to the Lorentz rotation ! L of the eigenspinor. This form of a Lorentz transformation is distinct from that (11) for a spacetime vector or any product of vectors, and that is part of the justi…cation for calling a spinor.
A system of several parts will generally require several eigenspinors to describe its motion. A particle is said to be elementary if all of its motion is described by single
B. Equation of Motion
Since the eigenspinor at any instant is a Lorentz rotor and every rotor L has an inverse L, the eigenspinor at di¤erent times is related by
where
( 2 ) ; and we noted that by their group property, the product of Lorentz rotors is another Lorentz rotor. the proper-time derivative of the eigenspinor can be expressed
with = 2 _ ; and it follows from the unimodularity of that is a biparavector. From the in…nitesimal time development
one can interpret as the spacetime rotation rate of the particle. Similarly, rest = is the rotation rate in the inertial commoving (rest) frame of the particle. If is known, we can …nd the proper time-rate of change of any property known in the rest frame. For example, the proper acceleration of the particle is given by
Simple expansions in basis elements yield the traditional corresponding tensor equations.
C. Maxwell-Lorentz Theory
Comparison of _ u (16) to the Lorentz-force equation _ p = m _ u = e hFui < suggests a covariant de…nition of the electromagnetic …eld as the spacetime rotation rate per unit charge-to-mass ratio
It also gives a spinor form of Lorentz-force equation:
that simpli…es many problems in electrodynamics. For example, if F is constant, we can integrate (18) immediately to get the eigenspinor ( ) = exp e 2m F (0) ; which determines both the proper velocity (12) of the particle and the orientation of its reference frame. The spinor equation (18) also reveals surprising symmetries, for example, the fact that the …eld F rest seen in the instantaneous rest frame of the particle is constant, even if the particle is accelerating:
Note that the spinor equation (18) is invariant under a change in the orientation of the rest frame:
where R is a …xed spatial rotor. The transformation (19) may be considered a global gauge transformation of :
The invariance can be extended to a local transformation ! exp (e 2 e 1 ! 0 ) by adding a gauge term to (18) that represents a rest frame rotation or spin.
To complete the formulation of Maxwell-Lorentz theory, we need Maxwell's equations relating F to the chargecurrent density j = + j: These, in SI units, are just the scalar, vector, pseudovector, and pseudoscalar components of @F = j; where is the permeability of space.
IV. DIRAC EQUATION IN APS
The spacetime momentum of a particle is given by p = m y ; but since the eigenspinor is an invertible Lorentz rotor, we can equally well write the relation
which may be called a real-linear form since real superpositions of solutions are also solutions. Note that we have not assumed that the particle whose dynamics are described by has a point-like distribution. It may indeed be distributed in space with some density in its rest frame. The current density J in the lab is then J = y e 0 y ; where we have put 1=2 : Since is a real scalar, Eq. (20) is also satis…ed by the current amplitude : p y = m : This is the classical Dirac equation. [14] To cast the equation in complex linear form, we project it into minimal left ideals of APS
We can now ‡ip the ideal of second equation with bar-dagger conjugation to get p P 3 = m y P 3 so that both equations lie in the same minimal left ideal of APS. As noted above, all elements of the ideal have only two independent components. If we stack them, using the Pauli-matrix representation of APS, we get a four-component column matrix analogous to the Dirac spinor, and the equation for it is exactly the Dirac equation in momentum form, complete with gamma matrices in the Weyl representation.
A. De Broglie Waves and Spin Interaction
The spin rotation of a free eigenspinor projects into a phase oscillation exp (e 2 e 1 ! 0 )P 3 = e i!0 P 3 : A distribution with a synchronized phase oscillation becomes a de Broglie wave in lab frame after a boost by the eigenspinor : [15] The boost desynchronizes the phase oscillations, giving a wavelength = 2 = ( jvj ! 0 ) ; where v is the boost velocity and = 1 v 2 1=2 is the Lorentz dilation factor. In terms of the Lorentz invariant = hx ui S ; the phase factor in lab coordinates is
The wavelength has the measured de Broglie value if and only if the oscillations occur at the Zitterbewegung frequency [16] ! 0 = E 0 =~= m=~: We note that for a compound system, the rest energy m includes internal motion and interaction.
We noted above that a magnetic …eld can be de…ned by the spatial rotation it induces. For an elementary charge, it causes a slight shift in the total rotation rate, which is dominated by the intrinsic spin, and this shift in frequency corresponds to an interaction of the form B where is the magnetic moment of an elementary charge e : = e~e 3 = (2m) : The g factor follows from the de…nition of an elementary particle: since its motion is described by a single eigenspinor ; its cyclotron and Larmor-precession frequencies must be equal. This implies g = 2.
The di¤erential form of Dirac equation results when we assume (1) that the general can be expressed as a linear superposition of de Broglie waves and (2) make the usual local gauge invariance argument for the spacetime vector potential A: In APS it takes the form p y = i~@ y e 3 eA y = m :
The Fierz identities also follow. [17] Our approach also gives a natural, relativistic formulation of the Bohm/de Broglie theory [18] [19] [20] of causal quantum mechanics. Flow lines are given by the current density J = e 0 y ; and the Pauli-Lubański spin distribution is found from e 3 y : However, the existence of the formalism does not require the Bohm causal interpretation.
B. Applications and Extensions
A couple of extensions and a number of applications, both classical and quantum, have been made. Our approach allowed the …rst analytic solutions of relativistic dynamics of charges in plane waves and plane-wave pulses plus axially directed magnetic or electric …elds. [5] More recently, these have been related to the quantum Dirac solutions. Multiple qubit systems have been studied with tensor products of APS, and a complexi…ed version (CAPS) has separated the paravector grades and improved interpretations of some of the basic symmetry operations.
V. CONCLUSIONS
APS, as the geometric algebra of physical space, simpli…es geometric operations (rotations, re ‡ections) and generalizes complex …elds, quaternions, and vector cross products. APS includes a four-dimensional vector space with Minkowski metric of signatures (1; 3) or (3; 1) : The classical eigenspinor and projectors are powerful tools for solving problems in relativistic dynamics. They o¤er insights and expose symmetries, including some surprising ones. The origin of spin 1/2 is seen through the formulation of elementary-particle dynamics in APS. The correspondence of and ; classical Dirac equation, and quantum formalism illuminates Q/C interface and demonstrates that many quantum phenomena such as interference and spin-1/2 systems have classical roots. Purely quantum aspects without classical analogs seem restricted to the very existence of quanta (particles). We note that relativity is an essential part of this approach to Q/C interface. The APS approach or its complexi…cation appears a promising way to study relativistic treatments of nonlocal (for example,.entangled) systems.
